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_^ , Abstract. In this paper we study local cohomology of finitely generated bigraded 

^ ' modules over a standard bigraded ring with respect to the irrelevant bigraded 

r~~ , ideals and establish a duality theorem. Several applications are considered. 

O ' Introduction 

Let i? be a standard bigraded i^-algebra with bigraded irrelevant ideals P gen- 
erated by all elements of degree (1,0), and Q generated by all elements of degree 
(0, 1). We want to relate the local cohomology functors Hp{—) and Hq{—) via du- 
ality in the category of bigraded modules. In the ordinary local duality theorem 
Matlis duality establishes isomorphisms between the local cohomology modules of a 
'^ ■ module and its Ext-groups. 

C^- ! In our situation we have to consider Matlis duality for bigraded modules. Given 

~^ I a bigraded /2-module M we define the bigraded Matlis-dual of M to be M^ where 

T^ ■ the (z, j)th bigraded component of M^ is given by Hom7i-(M(_j _j), K). 

O . As the main result of our paper we have the following duality theorem: 

O I Theorem. Let R be a standard bigraded K-algebra with irrelevant bigraded ideals 

^ ■ P and Q, and let M be a finitely generated bigraded R-module. Then there exists a 

d • convergent spectral sequence 



■3 



X 



a 



El = H-;-\w^iMy) =^ w^^--{My 



of bigraded R-modules, where m is the minimal number of homogeneous generators 



;_j ■ of P and /?+ is the unique graded maximal ideal of R. 



Note that the above spectral sequence degenerates when M is Cohen-Macaulay 
and one obtains for all k the following isomorphims of bigraded i?-modules 

(1) H'p{H^^^{My) = H^Q'{My 

where s = dimM, see Corollarv 12.61 

Let Rq be the /f-subalgebra of R which is generated by the elements of bidegree 
(1,0), and let A^ be any bigraded i?- module. Then for all j, the module Nj = 
©i^{«j) is ^ graded i?o-niodule with grading {Nj)i = N(^ijy Moreover if A^ is 
finitely generated, then each A'^ is a finitely generated i?o-niodule. In particular, if 
M is an s-dimensional Cohen-Macaulay module and if we set N = H^ {MY , then 
A^ is again an s-dimensional Cohen-Macaulay module and by (Q) we obtain for all j 
the isomorphisms of graded i?o-niodules 

(2) Hl^{N,) = {H^q\M),Y 
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where Pq is the graded maximal ideal of Rq. Here we used, that Hp{N)j = Hp^{Nj) 
for all k and j. 

It has been conjectured by Brodmann and Hellus [H] that if M is finitely generated, 
then Hq{M) is tame, in other words, for each k there exists an integer jo such that 
either Hq{M)j = for all j < jo, or else Hq{M)j ^ for all j < jo- In various cases 
this conjecture has been confirmed, see 0, jE], [H], [12] , [HI and [2| for a survey 
on this problem. In case M is Cohen-Macaulay the tameness problem translates, 
due to (|2)), to the following question: given a finitely generated bigraded -R-module 
A^. Does there exist an integer jo such that Hp^{Nj) = for all j > jo, or else 
Hp^{Nj) 7^ for all j > jo? More generally, one is lead to conjecture that for a 
finitely generated graded i?o-niodule W and a finitely generated bigraded i?-module 
A^ there exists for all k an integer jo such that Ext'^^{Nj, W) = for all j > jo, or 
else Ext^^(iV,-, W) j^ for all j > jo- 
in Section 2 we use our duality to give new proofs of known cases of the tame- 
ness conjecture and also to add a few new cases in which the conjecture holds, 
see Corollary 12.41 12.81 and 12.131 The duality is also used in the Corollaries 12.101 
and 12.111 to prove some algebraic properties of the modules Hq{M)j in case M is 
Cohen-Macaulay. 

1. Proof the duality theorem 

Let S = K[xi, . . . , Xm, yi, ■ ■ ■ , Vn] be the standard bigraded polynomial ring over 
the field K. We set K[x] = K[xi, . . . , Xm] and K[y] = K[yi, ...,?/„] and consider 
both as a standard graded polynomial rings. 

If y4 is a standard (bi)graded i^-algebra, and M a (bi)graded A-module. Then we 
set M^ = B.om.K{M, K), and view M^ as (bi)graded A-module with the (bi)grading 

(M^), = Hom,^(M_„JO 

for a G Z (respectively a G Z^ in the bigraded case). 

The following simple fact is needed for the proof next lemma. 

Lemma 1.1. Let M be a graded K[x]-module and N he a graded K[y]-module. Then 
there exists a natural bigraded isomorphism of bigraded S-modules 

Proof. Let S = K[x] ®k K[y] = K[x,y]. Note that M ®k N is a bigraded free 
^-module with the natural bigrading 

Thus we see that 

((M ®x Ny)^ij) = Homx((M 0k A')(-i,-i), K) = Hom^(M_i ®x iV-„ K). 

By using the universal property of tensor product one has the following natural 
isomorphism of i^-vector spaces 

Hom;^(M_i ®K N_j, K) = Homi^(M_i, K) <»k B.omK{N_j, K). 
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Thus we have 

((M®^iV)^)(i,,) = Homx(M_„JO®xHomx(iV-„i^) 

So the desired isomorphism follows. D 

Lemma 1.2. Let S = K[xi, . . . , Xm, Vi, ■ ■ ■ , Vn] be the standard bigraded polynomial 
ring over the field K with the irrelevant bigraded ideals P = [xi, . . . , Xm) and Q = 
(l/i, . . . , yn)- Then we have the following isomorphism of bigraded S -modules 

where ujs is the bigraded canonical module of S . 

Proof. First we notice that there is a natural isomorphism of bigraded S'-modules 

H^{S) ^ H^iK[x]) ®K K[y]. 
By the graded version of the local duality theorem (see O Example 13.4.6]) we have 

H'^{K[x]y ^ K[x]{-m). 
Thus we see that 

H^{cus) = H'^iS{-m,-n)) = H'^{S){-m,-n) 

= {K[x]i-my ®K K[y]){-m,-n) 
= K[xY®KK[y]i-n). 
On the other hand, using again the local duality theorem, Lemma fl . II yields 
H-iSy = {K[x] ®K H^{K[y])r = {K[x] ®k K[y]{-nyy 

= K[xy ^K K[y]i-nr 
= K[xy ^K K[y]i-n), 

as desired. D 

Corollary 1.3. Let F by a finitely generated bigraded free S -module, and set F* = 
B.oins{F,LJs)- Then there exists a natural isomorphism of bigraded S -modules, 

H'PiF*) = H^iPy. 

Proof Let P = 0^=1 ^(-afc, -6fc)- Thus P* = ®l=i{uJs){ak,bk) and hence by 
Lemma fl. 21 we have 

t t 

H^{P*) = ^H^{u;s){akM) = ^H^iSna^^b,) 

k=l fc=l 

t 

- H-{^Si-ak,-bk)r 

fc=i 

= Hoipr. 



n 



The previous result can easily be extended as follows 



Lemma 1.4. Let ¥ be a bounded complex of bigraded free S-modules. We set F* = 
Honi5'(F, (^5). Then we have a functorial isomorphism 

of complexes of bigraded modules. 

Proof. In order to prove that the complexes of Hp{¥*) and Hq{¥)^ are isomorphic, 
we observe that for any bihomogeneous linear map (f : G ^ F between finitely 
generated free bigraded S'-modules we obtain the following commutative diagram 

I I 

where ipi = Hp{ip) and ip2 = Hglip*) and where the vertical maps are the isomor- 
phisms given in Corollary 11.31 The commutativity of the diagram results from the 
fact that all maps in the diagram are functorial. D 

Proposition 1.5. Let M be a finitely generated bigraded S-module, P and Q be 
the irrelevant bigraded ideals of S . Then we have the following convergent spectral 
sequence 

' j 

Proof. Let (F, d) be a bigraded free resolution of M of length n + m, and let G be 
the complex of bigraded S'-modules with Gi = }ioins {Pm+n-i, ^s) and differential 
di = B.om.s{dm+n-i, i-^s)- Next we choose a bigraded free resolution C of the complex 
G. In other words, C is a double complex Gij of finitely generated bigraded free 
S'-modules with i,j > such that: 

(i) the ith column of C is a free resolution of G,- for all i, i.e. 



HjiCi,] 



Gi for j = 0, 
for j > 0. 

(ii) for each row the image of Cj~ij ^ — Gij is a bigraded free direct summand 
of the kernel of Cj_2j < — C*i_ij. In particular, the homology of 

is a bigraded free S'-module for all i and j. 
(iii) for each i the complex 

^ if.(C.,o) ^ H,{G.,i) ^- H,{G.,2) < 

is a bigraded free resolution of Hi{G). 

Now we compute the total homology of the double complex Hp{C): Since all Gi 
are free S'-modules, it follows that the complexes 

< — Gi < — Gi^o < — Gi^i < — ■ ■ • 
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are all split exact. Hence the complexes 

< — Hp{Gi) < — Hp{Cifi) < — Hp{Ci^i) < — ■ ■ ■ 

are again exact. 

This implies that the i?^-terms of the double complex ifp (C) with respect to the 
column filtration are 

1 ^ r H^iGi) for J = 0, 
^J \ for J > 0. 

As a consequence, for the E'^-terms of ifp (C) we have that Efj = for j > 0, and 
that Ef^ is the ith homology of the complex H^{G). Now we use Lemma 11.41 as 
well as jHl Theorem, 1.1 ] and obtain 

2 ^ r i/^-^M)^ forj = 0, 
''^ \ for j > 0, 

since Hi{Hp{G)) = {Hn+m-i{H^{^))y . From this it follows that the (z+j)th total 
homology of iy^(C) is equal to if^+^"'"(M)^. 

Now we compute the homology of ifp (C) using the row filtration. Each row 
Hp{C.j) of i7^(C) is split exact with homology Hi{H^{C.j)) = H]^{Hi{C.j)). In 
other words, Ejj = Hp{Hi{C,j)). Hence by property (iii) of the complex C and by 

Theorem, 1.1 ] it follows that Elj = Hp-\Exi'^+''-\M,uJs)). This yields the 
desired conclusion. D 

Now our main theorem is an easy consequence of Proposition 11.51 

Proof. As i? is a standard bigraded K-algehia, it is the homomorphic image of a 
standard bigraded polynomial ring 5" = K[xi, . . . , Xm, Vi, ■ ■ ■ , Vn]- We may consider 
R and S as well as a standard graded ii'-algebras with the unique graded maximal 
ideal i?+ (resp. 5*+), and M as a graded i?-module (resp. S'-module). Then by the 
graded local duality theorem we have 

Ext^+"-^(M,W5) = H's^iUy. 
Since H's^{M) = H'p^{M), it follows that 

Let (x) = (xi, . . . , Xm) and (y) = {yi, . . . , yn) be the irrelevant ideals of 5*. We note 
that if™-^(Ext^+"-XM,cu5)) = i7("y^(Ext™+"-^(M,a;s)) and that H'^'-'^{My = 

H)^~'^{MY. Therefore, Proposition 11.51 vields the desired convergent spectral se- 
quence. D 

Corollary 1.6. Let i? be a standard bigraded d-dimensional Cohen-Macaulay K- 
algebra with irrelevant bigraded ideals P and Q, and let M be a finitely generated 
bigraded i?-module. Then there exists a convergent spectral sequence 

E^^ = H'^-\Ex4-\M,con)) =^ H'^^-'^iMf 
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of bigraded -R-modules, where m is the miniinal number of homogeneous generators 
of P. 

Proof. The assertion follows from our main theorem by using the fact that H}^ (M)^ = 
Ex4-\M,u;r). ^ D 

2. Some applications 

In this section, unless otherwise stated, R denotes a standard bigraded /('-algebra 
of dimension d, and M a finitely generated and bigraded -R-module. 

We note that for the iJ^-terms in the spectral sequence of our main theorem we 
have Efj = Hp~\H}^^{My) = if i < depthM or i > dimM or j < or j > m. 
Thus the possible non-zero E'^-terms are in the shadowed region of the following 
picture. 



{s,m) 






■^Ef, 



\ 



-^v- 



(t,0) \ ^ s 

Figure 1 

Here t = depthM , s = dimM and Efj = Hp-\H}^^{My). 

We first observe that the graded local duality theorem is a special case of our 
main theorem. In fact, if we assume that P = (0), then 771 = 0, and m = Q is the 
unique graded maximal ideal of R. Moreover, Ef- = E'^- = for j y^ and all i, 
since iff^J— ) = ii k ^ 0. Therefore we have 

Ext^-XM,^«) = /7(%(Ext^-^(M,^^)) = WjMy. 

Considering Figure 1 we immediately obtain the following corner isomorphisms 

Proposition 2.1. Let dimM = s and depthM = t. Then there are natural iso- 
morphisms 

H'PiH'p^iMy) = H'-'^iMy and Hl{H'p^{MY) = H'q{MY . 

Moreover for i < t — m we have Hq[M) = 0. 

Definition 2.2. Let Rq be a commutative Noetherian ring, R a graded i?o-algebra 
and A^ a graded i?-module. The i?-module N is called tame, if there exists an integer 
jo such that either 

Nj = for all j < jo, or A^,- ^ for all j < Jq. 
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In case of a standard bigraded /f-algebra R we let Rq be the /f-subalgebra of 
R generated by all elements of degree (1,0). Then i? is a graded -Ro-algebra with 
components Rj = R{*j) = ®iR{i,j)- Let iV be a bigraded i?- module. We may view 
A^ as a graded i?-module with graded components Nj = A^(*j) = 0j ^{i,j)- Each of 
the modules Nj is a graded -Ro-module, and if A^ is a finitely generated i?-module 
then each Nj is a finitely generated -Ro-module. 

Now let M be a finitely generated bigraded -R-module. Then Hp{M)j = Hp^{Mj) 
where Pq is the graded maximal ideal of Rq. Since Mj is a finitely generated Rq- 
module it follows that Hp^[Mj) is a graded Artinian /2o-Kiodule. Hence we see 
that {Wp{My)j = {H'p{M)_jy = Wp^^{M^jy is a finitely generated graded Rq- 
module for all j. Of course this does not imply that Hp{MY is a finitely generated 
i?-module. 

We denote by cd(M) the cohomological dimension of M with respect to Q, i.e. 
the number 

cd(M) = sup{i e No : H'q{M) ^ 0}. 

Corollary 2.3. Let N = Hp (M)^. Then the following statements hold: 

(a) cd(M) < dim(M) if and only if depth p^ Nj > for all j ; 

(b) ^/cd(M) < dim(M) - 1, then depth^^ A^^ > 1 for all j . 

Proof. We note that cd(M) < dim(M), if and only if Hq(M) = 0. Hence Proposi- 
tion 12.11 yields part (a) of the corollary. 

For the proof of (b) we notice that Hp{N) = E'^^^_- for i = 0, 1, and that 
Es%.-i is a submodule of H^\My for all i. Thus our assumption implies that 
Hp (Nj) = Hp{N)j = for 2 = 0, 1 and all j. This yields the desired conclusion. D 

The second statement of the next corollary of is well-known (see j21 Theorem, 4.8 

(e)]). 

Corollary 2.4. Let M he a finitely generated higraded R-module of dimension s and 
depth t. Then Hq'^{M) and H^{M) are tame. 

Proof We first prove Hq'^{M) is tame. We set A^ = H\^^{MY and sq = dimR^ A^- 
for J > 0. Note that sq < dimi?o < m. Thus we have H'p{N)j = Hf^{Nj) = for 
J > if So < m and H'^{N)j = H'^^{Nj) ^ for j > if So = m. Therefore by 
Proposition 12.11 there exists an integer jo such that either 

H'q^{M), = {) for all j<jo, or i7^-'"(M), ^ for all j < jo, 

as desired. In order to prove that Hq{M) is tame, we set A^ = Hp (M)^. Since 
Hp (M) is a graded Artinian i?-module, A^ is a finitely generated graded i?-module. 
Thus Nj is a finitely generated i?o-niodule. By [H Proposition, 2.5] the set of 
associated prime ideals of Assr^^Nj) is constant for large j. If Pq G Assr^X^j) 
it follows that H^{N)j = H^^^Nj) ^ for large j, and if Pq i AssR^iNj) then 
H^{N)j = H^^{Nj) = for large j. Thus in view of Proposition liH H^Im) is also 
tame. D 

7 



We say that M is a generalized Cohen-Macaulay i?- module if H}^ (M) has finite 
length for all i 7^ dim M. 

Proposition 2.5. Let M be a generalized Cohen-Macaulay R-module of dimension 
s. Then we have the following long exact sequence of bigraded R-modules 







HUH^iMY) 



Hq" 






0. 



h^q\my - 

■ ■■^i/— (Mr- 

Moreover, we have the following isomorphisms 

Hi^^{M) = H'q{M) for alii <s-m. 

Proof. Since M is a generalized Cohen-Macaulay module, we have that i^)j {MY 
is of finite length for i ^ s. Thus by Grothendieck's vanishing theorem Theorem, 
6.1.2] we see that Ef, = E°° = for j = 0, . . . ,m — 1 and i ^ s. The following 
picture will make this clear. 



\ (/,m) 



>(s,r) 



-^v- 



t I S k^^ 

Figure 2 



Therefore for all k with s < k < s + m we get the following exact sequences 



^ EZ - HUMf 



r-ioo 



0, 







77100 



E 



E 



poo 



0, 



■'l,m. ^ '^-'s,r~l 

where / and r are defined by the equations s + r = l + m = k. 

Composing these two exact sequences we get the long exact sequence 



e1^h'q{mY^eI 

hl-\my^e; 



E: 



s,r— 1 



l~l,m, 



Et 



r-2 



which yields the desired exact sequence, observing that 

H'p{Hl,^{MY) = H},^iMY 

for i ^ s since for such i the modules H}^ {MY have finite length. The last statement 
of the proposition follows similarly. D 



Corollary 2.6. Suppose M is a generalized Cohen- Macaulay module of dimension 
s. Then the following conditions are equivalent: 

(a) M is Cohen- Macaulay; 

(b) HUH^^^iMy) = H'q^MY for all k. 

Proof, (a) =^ (b): Since M is Cohen-Macaulay we have H}^ (M)^ = for all 
i ^ s. Therefore it follows from the long exact sequence in Proposition 12.51 that 
El{H'^^{MY) = H'q^{MY for A; = l,...,m. The assertion for A; = follows 
from Proposition 12.11 The assertion is also clear when A; < 0. Now assume that 
k > m. Then s — k < s — m, and hence by Proposition 12.51 it follows that 
H'Q^{My = H'^^{MY = 0. On the other hand, we also have H^p{HI^^{My) = 
because k > m. 

(b) ^ (a): is proved the same way. D 

As a generalization of Lemma 11.21 we obtain as an immediate consequence of 
Corollary 12.61 the following 

Remark 2.7. Let i? be a bigraded Cohen-Macaulay i^-algebra. Then 

H^ujr) = H^-^ny for all k. 

Recall that for a finitely generated graded -R-module A^ one has that dim^jg Nj as 
well as depth^^ Nj is constant for large j, see jT| Proposition, 2.5]. In fact, if N is 
Cohen-Macaulay, then linij^oo depthjij^^ A'^- = dim A^ — dim N/PqN as shown in |H] . 
We call these constants the limit depth and limit dimension, respectively. Using this 
fact we have 

Corollary 2.8. Let M be a bigraded Cohen-Macaulay R-module of dimension s. 
We set N = Hf^ {My , and put to = linij^oo depth^^ A^- and sq = limj^oo dim/j^ A^-. 
Then the R-modules Hq{M) are tame for all j < s — Sq and j > s — t^. 

Proof We see that Hp-\N)j = Hp-\Nj) ^ for j > if i = s - Sq and i = s - to, 
and also Hp~\N)j = Hp~\Nj) = for j > if z < s - sq and z > s - to. Therefore 
by Corollarv 12.61 we have the desired conclusion. D 

Remark 2.9. In view of Corollarv 12.61 the tameness conjecture of Brodmann and 
Hellus would hold for bigraded Cohen-Macaulay modules provided one could show 
that for any bigraded Cohen-Macaulay /2-module A^ and all integers i there exists 
an integer jo such that either 

Wp^{N^) = for all j > jo, or Wp^{N,) y^ for all j > jo- 

More generally one is tempted to conjecture the following: Let M be a finitely 
generated bigraded i?-module, and W a finitely generated i?o-niodule. Then for all 
i there exists an integer jo such that either 

Ext*P„(A^„W^) = for all j > jo, or Ext'p^{N^,W) ^ for all j > jo- 

A similar, even more general conjecture can be made when i? is a finitely generated 
positively graded -Ro-algebra where -Ro is Noetherian, IV is a finitely generated -Ro- 
module and A^ a finitely generated graded -R-module. In still another variation of 
the conjecture one could replace Ext* by Tor*. 
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Corollary 2.10. Assume Rq is Cohen- Macaulay and M is a bigraded Cohen- Macaulay 
R-module of dimension s. We set N = H^j^ {MY . Then 

(a) for all k and j we have the following isomorphism of graded R^-modules 

where d = dimi?o- 

(b) dim H'q-''{M)_j < k for all k and j . 

Proof Corollary EEl implies that {H'Q-\M).jy = {H'Q-\My)j = H^^^Nj). Thus 
the local duality theorem yields H'q^{M).j = H^p^^{NjY = Ext%^\Nj,ujRj, as 
desired. 

Finally by jQ Corollary, 3.5.11(c)] one has dim/jg Ext^~ (Nj^ur^) < k. This 
proves statement (b). D 

Let A^ 7^ be a graded i?o-module. We set a{N) = mi{i: Ni ^ 0} and h{N) = 
sup{i: Ni ^0}. If A^ = we set a{N) = oo and b{N) = -oo. 
Recall that the regularity of A^ is defined to be 

reg AT = max{b{H^^{N)) + k: k = 0,1, . . .}. 

With the assumptions and notation introduced in Corollary 12. 61 we therefore have 

reg(A'j) = -mm{a{H'Q-''{M)_j) - k: k = 0,1, . . .}. 

In [7j and JH] it is shown that reg(Aj) is bounded above by a linear function of j. 
Thus in view of the preceding formula we get 

Corollary 2.11. Let M be a Cohen- Macaulay R-module. Then there exist integers 
c and d such that a{HQ{M)j) > cj + d for all k and all j . 

If the dimension and the depth of M differ at most by 1 or dim Rq < 1 one obtains 

Proposition 2.12. The following statements hold: 

(a) z/dimM = s and depth M = s — 1, then we obtain the long exact sequence 

^ H^-i-^^H'£^\MY) -^ H'p-'iH'j^^iMY) -^ H'q-"'^\MY -^ 

K~^-\H^R-\Mr) -. H^~^^\H^^^{MY) -....; 

(b) z/dimi?o = 0, then H}^^{M) = H'^{M) for all i; 

(c) i/dimi?o = l? then for all i we have the short exact sequence 

-. H},iWl\MY) - H^giMY - HUH},4MY) - 0. 

Proof. We first prove (a). Our hypotheses imply the following exact sequences 

- Ef^^ -. H'-^+\MY - i?r-i,+i - 0, 
n V rroo ^ 7-12 ^ 7-12 ^ 7-100 ^ n 

Putting these two exact sequences together we get the long exact sequence 

■ ■ ■ - ^'-i.+2 - El -. H^Q~-^\MY - El,^^^, -. 

Eh-, - H^Q-'^-'^^iMY - EU^^ -. El^_, ^ . . . , 
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which yields the desired exact sequence. 

For the proof (b) we set A^ = Hj^^{My . Since dimi?o = 0, it follows that A^^ 
is a finitely generated i?o-niodule of finite length. Thus H^~-'{N)^. = H^~-'{Nk) = 
for all k and j < m and hence Ef, = for all i and j ^ m. Therefore we 
have N = H'^piN) = H'q{MY for all'z, and so H'^^{M) = H'q{M) for all i. In 
order to prove (c) we again set A^ = H}^ (M)^. Since dinii?o = I5 it follows that 
H^~-'{N)k = H^~-'{Nk) = for all k and j < m — l and hence Ef- = for all i and 
j ^ m,m — 1. Thus for all i we get the exact sequence 

Since E"^-^^ ^__^ = Efj^^ ^_^ and E'^^ = Ef^ for all i, the result follows. D 

As a simple consequence of Proposition 12 . 121 (b) . (c) we obtain the following tame- 
ness result due to j2l Theorem, 4.5]. 

Corollary 2.13. Let dimi?o < 1. Then H'q{M) is tame for all i. 

Proof. First we assume that dimi?o = 0. Since any Artinian graded i?-module is 
tame, the result follows from Proposition 12. 12l (h) . 

Now we assume that dimi?o = 1. Let A^ be a finitely generated bigraded R- 
module. By Proposition 12.121 (c) it is enough to prove that there exists an integer 
jo such that for i = 0,1 one has: 

H},^{Nj) = for all j > jo, or H},^{N,) j^ for all j > jo- 

We set to = liiiij_»oo depth^p Nj and sq = limj^oodimRo Nj. Then Hp^{Nj) 7^ for 
j > if to = 0, and H°p^^{Nj) = for j > if to ^ 0. Similarly, H},^{Nj) ^ for 
J > if So = 1, and H},}Nj) for j > if so = 0. D 

Finally we want to mention two standard 5-term exact sequences arising from our 
spectral sequence 

Proposition 2.14. There is a 5-term exact sequence for the corner (t, 0) 

and a 5-term exact sequence for the corner (s,rra) 
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